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Boundary Conditions for Some
Surface-Catalyzed Reactions

PAUL A. LIBBY* AND FORMAN A. WILLIAMS!
University of California at San Diego, La Jolla, Calif.

THERE has recently been demonstrated in the aerospace
literature considerable interest concerning the surface

recombination of atoms.1"5 The analyses of this phenome-
non have been carried out within the framework of boundary-
layer theory and have involved a boundary condition at the
exposed surface relating the normal gradient of atom mass
fraction and the atom mass fraction itself. It is generally
stated and/or recognized that these analyses for a binary
system apply as well to more complicated systems, provided
that the concentration of reactants and products is vanishingly
small.6' 7 It is the purpose of the present note to develop
the boundary conditions when this latter assumption is not
employed 4

We want to state at the outset that some of the results pre-
sented here are perhaps known to chemical engineers as
indicated, for example, by Ref. 9. However, the implica-
tions of the condition of steady state and, further, of the
condition of local adsorption equilibrium leading to the
surface boundary conditions for diffusive flows, appear to be
new. In any case, it may be useful to the aerospace com-
munity to have readily available the present results. §

For generality, we consider a set of surf ace -catalyzed
reactions of the form

j = 1, 2, 3 . . . K (1)
and we make a series of assumptions in order to provide the
basis for our treatment. We assume that the surface on which
catalysis takes place is nonporous, i.e., has no internal struc-
ture, but rather a well-defined interface with the gas. We
consider both adsorption of molecules on open sites of the
surface and adsorption of molecules of species i at sites
already occupied by species j. We differentiate as to the
likelihood of this latter adsorption by introducing an adsorp-
tion coefficient depending on i and j, but we assume that
each open site is equally available to each species. ^Denote
the number of adsorption sites per unit projected area by
7o and the surface concentrations of species i as y», both in
moles per square centimeter, for example. We now arrange
our identification system such that the species with the sub-
script 1, 2, . . . Nf are present in the gas as well as on the sur-
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1[ There appear to be cases for which this assumption is un-
satisfactory; it is readily corrected by introduction of a factor
specifying the number of sites required per molecule, by intro-
duction of a site index distinguishing sites that differ in their af-
finity for a given molecular species, or by some other appropriate
procedure.

face, and that the species with the subscripts Nr + 1, N' +
2, . . . N are present on the surface but not in the gas; we
thus reflect the possibility that some of the reaction steps
of Eq. (1) lead to products that are so strongly adsorbed as
to be absent from the gas. Our fluidmechanical interest in
such products is, of course, their occupancy of a certain
number of sites, which are thus unavailable for adsorption
by species present both in the gas and on the surface, and
their capacity to alter directly the adsorption properties of
the surface itself.

Following previous work, we characterize the interaction
of the species in the gas with open sites in terms of two coeffi-
cients, on and jui, where on is the fraction of the incident i
molecules adhering to open sites and jja is the rate
(moles per square centimeter-second) at which molecules of
species i would leave the surface if all possible sites were
populated with species i. These coefficients are to be con-
sidered physical parameters depending on the surface tem-
perature, on the nature of the surface, and on the nature of
species i.

In order to account for adsorption and desorption at occu-
pied sites, we also introduce coefficients a^ and na; the first
set accounts for the adsorption of a molecule of species i at
a site occupied by a molecule of species j, i.e., on, is the frac-
tion of i molecules incident on a unit projected area which
would be adsorbed if all sites were populated with species j.
The second set accounts for the desorption of a molecule of
species i from a site occupied by a molecule of species j, i.e.,
fjiij is the rate at which species i would be desorbed in moles
per square centimeter-second if all sites were populated with
species j. Again these sets of coefficients are to be regarded
as physical parameters depending on the same quantities as
a.i, fjii. We assume here that the probability of desorption
is the same for a molecule immediately after production on
the surface as for the same molecule that has been adsorbed
for a long time. In addition, we neglect triple and higher
occupancy of each site.

In order to provide the boundary condition for the con-
servation equations applicable to species in the gas, we seek
relations among the net fluxes of each species to the surface,
denoted here as bi in moles per square centimeter-second, the
volumetric concentrations at the surface, denoted as c» in
moles per cubic centimeter, and the surface concentrations
7;. Since the values of 7* are not known a priori, the N'
boundary conditions relating bi and c», i = 1,2 ... N' must
be found by eliminating the N values of the 7;'s from 2N' +
(N — Nf) equations.

Among the multitude of possible mechanisms for hetero-
geneous catalysis, two general classes thereof have been
identified, although from a particular experiment unequivocal
identification of one rather than the other is apparently
sometimes difficult. The mechanisms go under the names of
Langmuir-Hinshelwood and Rideal-Ely. It is thus con-
venient to order the reaction steps of Eqs. (1) with one set
corresponding to j = 1, 2 . . . K' associated with the L-H
mechanism and a second set corresponding to j = K' + 1,
Kf + 2, . . . K associated with the R-E mechanism.

We can compactly express the surface creation of species
i in moles per square centimeter-second as

kft
Nn \/

'/ \
N'n

X

' x

(2)
where we use the symbols Vi, /, Pi, " to denote the stoichco-
metric coefficients for species i in the gas in reaction step
j, K' + 1 < j < K. Clearly, we need the two sets of co-
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efficients to account for cases, e.g., atom recombination,
where the two reactants are the same but only one is ad-
sorbed. For j = 1, 2 ... K', clearly ft, / = i>it " = 0 for all i.

Proceeding with the analysis, we express the net flux of
species present in the gas in accord with the sets of coefficients
just indicated as

N
i = I , 2, . . . N' (3)

where fa = a (k°T/2irmi)1/<* gives the number of molecules
of species i incident upon a unit projected area per unit time,
where the factor

accounts for the percent of the unit area with open sites, and
where the subscript wy applicable to bi, Ci, T and required to
imply values of the variables on the gas side of the gas-solid
interface, has been suppressed without ambiguity in the
present analysis. Observe that bi > 0 for a net flux into the
surface.

We next note that, for steady-state, time-independent
flow problems, the conditions

R. = -h i = 1, 2, . . . N'
(4)

Ei = o i = N' + 1, . . . N
must hold. Thus Eqs. (2-4) may be looked upon as 27V' +
(N — N') equations relating bi, c», i = 1, 2, . . . N' and 7;,
i — 1, 2, . . . N and permitting N' equations, which relate
the 6/s and a's and which constitute the desired boundary
condition, to be developed formally.

The most general case contained in the preceding formalism
does not appear to lead to simplification. However, for the
case of reactions in accord with the Langmuir-Hinshelwood
mechanism and of adsorption only on open sites, interesting
and simple results, which are appropriate for boundary-layer
flows, can be developed. We thus restrict ourselves to j =
1,2, . . . K' and onj = ^j = 0 in Eq. (3); we still consider for
the moment the possibility of having species on the surface
but absent in the gas so that N' ^ N.

With these restrictions and with Eqs. (4) imposed, we have
the simplified equations

K' / N
E K / - vt. /)*/, y n 7*= 1 V = i

X

1 -
kf

Nn
i = l

i r N i= Utii- E
(, L 3' = 1 \

i = 1, 2 . . . JV' (5)
= 0 i = N' + 1, . . . N (6)

k \
T;

i = 1, 2 . . . N' (7)
We now assume that, under the high Reynolds number

conditions appropriate for application of boundary-layer
theory, the two factors contained in braces in Eq. (7) are
each large compared to their difference, i.e., the flux into the
surface and the flux from the surface will be much larger
than the net flux itself. In this case, the N values of 7; are
obtained from the Nf equations that result from setting
bi ~ 0 in Eqs. (7) and the N — Nf equations of Eqs. (6).
With the values of 7* so determined, the N' equations (5)
yield directly the Nr boundary conditions in the form bi =
6<(c i ,C2 , . . . c^ ' )^= 1 , 2 . . . N'.

This procedure will be recognized as assuming local ad-
sorption equilibrium; it can be made systematic by consider-

ing an expansion of all quantities in terms of a small parameter
that represents the ratio of an absorption time to a chemical
time. For simplicity, we consider the special case N' =
N, i.e., the case where all adsorbed species are also present
in the gas phase, but it should be noted that the more general
case N' ^ N can undoubtedly be put on a firm basis by ex-
tending the point of view of the present note. To develop
the ideas, select a representative species r with a gas-phase
concentration cr, leading to an incident flux fa and with
surface interaction parameters ar and /zr. Select, further,
a representative first-order specific reaction rate constant
kr, e.g., in seconds"1.

We now assume that the representative values have been
chosen with sufficient wisdom and that the physical and
chemical behavior of the system is of such a nature so that
(aifa/arfa), WMr),

JV
2 w. / - 1

. t = 1 y

AT
S

t = 1
,,/ \

/ kf,J
j=l,...K'

are all of order unity. Furthermore, in accord with the ex-
pectation that both fluxes will be large compared to the net
flux, we assume (pr/oirPr) is of order unity. Next define two
times

n = To/arft- r2 = /c,-1 = 7o/7ofcr (8)
where n may be interpreted physically as a measure of the
time required for the representative species to populate all
sites, and r2 as a measure of the time required by a first-order
reaction with a specific rate constant kr to depopulate all sites.
Now assume in accord with the foregoing discussion that

e == T1/T2 « 1 (9)

and let
T. _ T.(o) + eT.(D + _ . 1

fa ^ ft(0) + efaM + . . . I (10)
6,- ^ 6/0) + ebi^ + . . . i = 1, 2 . . . N' = N )
Substitution of Eqs. (10) into Eqs. (5) and (7) and collection
of powers e°, e leads to the following:

^0 (11)

(12)

Equations (11) and (12) represent the formalism for the
procedure just presented qualitatively for the special case
N' = N.

Equation (11) can be used to obtain an explicit relation
for 7;(0) in terms of the volumetric concentrations c/0) ~
/3^0); note that the second term must be the same for all
i's and denote it as M. Then

T.(O)/TO = Mxid^ (13)
where Xi = (ai/jLti-)(/c°5r7/27rmi)1/2 is a single parameter char-
acterizing the interaction of species i with the surface. But
thenEq. (11) yields

so that

/r ^ l- vL1+.?. "'""'J
7<co) /r ^ "I

CO) / I 1 | X "* fn\ I

V ~ X i C i IL < - i X t C > J

(14)

(15)
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Substitution of Eq. (15) into Eq. (12) provides the desired
boundary condition.

As a special case, consider the unidirectional, surface-
catalyzed reaction

(16)

(17)

so that K' = 1, Nr = 2; the general relation yields

(1 + X\C\ + K<2.C^)n

so that for highly dilute reactants and products the fre-
quently employed relation 61 ~-cin is recovered. However,
if xiCi is large compared with x2c2 and with unity, then Eq.
(17) indicates that 61 is independent of ci, i.e., the reaction is
of zero order.11 Especially interesting is the limit %2c2 ^> 1,
%2C2 » Wi, which is more likely to occur downstream, where
the reaction has proceeded in the forward direction to a
significant extent; in this case bi ~ (ci/c2)w, thus exhibiting
retardation of the reaction rate by the reaction product.
Clearly, the effective order of the reaction may change with
the stream wise coordinate in a given boundary layer.

It is also interesting to note that for a more complicated
unidirectional reaction of the form

soil + 3TC2 —^-* m3 + m4 (is)
the general relation for the flux of species 1, e.g., yields

(19)

Clearly, depending on the magnitudes of each product K\C\
compared to unity, a range of reaction orders from plus to
minus unity can occur.

In conclusion, it is noted that the foregoing considerations
apply to turbulent as well as to laminar boundary layers.
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Generalized Matrix Force and
Displacement Methods of Linear

Structural Analysis
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Nomenclature

Force method

P = column matrix{ of all generalized forces
PO, PI = column matrices of known and unknown general-

ized forces, respectively
bg, bog, big — rectangular matrices of stress resultants (internal

forces) in element g due to unit values of com-
ponents of P, PQ, PI, respectively

b, bo, bi = rectangular matrices of stress resultants in all
elements due to unit values of components of
P, PQ} PI, respectively

Sg = column matrix of stress resultants in element g due
toP

S, SQ, Si = column matrices of stress resultants in all elements
due to P, PO, PI, respectively

wg = column matrix of strain resultants (over-all inter-
nal deformations) of element g, corresponding to
S0

w, WQ, Wi = column matrices of strain resultants of all elements,
corresponding to S, So, Si

P) PO, Pi = column matrices of all displacements in the direc-
tions of forces P, PI, PO, respectively

fg = square matrix describing flexibility of element g
f = square matrix of flexibilities of all elements (un-

assembled)

Displacement method
r = column matrix of all displacements
TO, TI = column matrices of known and unknown displace-

ments, respectively
dg, dog, dig — rectangular matrices of strain resultants (dis-

placements of extremities) of element g due to
unit values of components of r, r0, ri, respectively

d, dQ. di = rectangular matrices of the strain resultants of all
elements due to unit values of components of
r, r0, rij respectively

vg = column matrix of strain resultants of element g due
to r

v, VQ, vi — column matrices of strain resultants of all elements
due to r, rQ, TI, respectively

Tg = column matrix of stress resultants (forces at ex-
tremities) in element g, corresponding to vg

T, TQ, TI = column matrices of stress resultants in all ele-
ments, corresponding to v, VQ, Vi

R, RQ, Ri = column matrices of all forces in the directions of
displacements r, TI, rQ, respectively

kg = square matrix describing stiffness of element g
k = square matrix of stiffnesses of all elements (un-

assembled)

Introduction

THAT there are two related possible approaches to the
analysis of structures has long been realized. Ostenfeld,1

however, first fully outlined the principles that underlie the
duality between the force (or flexibility) method and the dis-
placement (or stiffness) method. Argyris2 expressed the re-
lationship between the two methods in matrix notation and
put forward procedures for the solution of structures under
either applied forces or imposed displacements.
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